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DAVID ALONSO-GUTIÉRREZ, MARTIN HENK,
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Abstract. Let m ≥ 1, (r0 = 0, r1, . . . , rm) be a tuple of distinct real
numbers and n ≥ 2. We provide a characterization of those tuples
(ω0, ω1, . . . , ωm) of real numbers such that there exist n-dimensional

star bodies K,L with W̃rj (K,L) = ωj , j = 0, . . . ,m, where W̃r(K,L)
denotes the r-th dual (relative) quermassintegral of K and L. This may
be regarded as an analogue within the dual Brunn-Minkowski theory of
Shephard’s classification of quermassintegrals of two convex bodies.

It turns out that the characterization of dual quermassintegrals is
related to the moment problem, and based on this relation, we also de-
rive new determinantal inequalities among the dual quermassintegrals.
Moreover, this characterization will be the key tool in order to investi-
gate structural properties of the set of roots of dual Steiner polynomials
of star bodies.

1. Introduction and notation

Let Kn denote the set of convex bodies in Rn, i.e., the family of all
non-empty convex and compact subsets K ⊂ Rn. We write Bn

2 for the
n-dimensional Euclidean unit ball and its boundary bdBn

2 is denoted by
Sn−1. The volume of X ⊂ Rn, i.e., its n-dimensional Lebesgue measure is
denoted by |X|, or by |X|n if the distinction of the dimension is needed.

At the heart of the classical Brunn-Minkowski theory is the study of the
volume functional with respect to the Minkowski sum of convex bodies. This
leads to the theory of mixed volumes and, in particular, to the (relative)
quermassintegrals Wi(K,L) of two convex bodies K,L ∈ Kn. The latter
may be defined via the classical (relative) Steiner polynomial, expressing
the volume of the Minkowski sum

K + λL = {x+ λy : x ∈ K, y ∈ L},
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λ ≥ 0, as a polynomial in λ (cf., e.g., [26, s. 5.1], [28]):

(1.1) |K + λL| =
n∑
i=0

(
n

i

)
Wi(K,L)λi.

In particular, we have W0(K,L) = |K| and Wn(K,L) = |L|. The other
quermassintegrals admit in general not such a direct and simple geometric
interpretation. For L = Bn

2 , however, we have Kubota’s integral formula
(cf., e.g., [26, (5.72)]),

(1.2) Wn−i(K,B
n
2 ) =

|Bn
2 |

|Bi
2|i

∫
G(n,i)

|K|E|i dE, i = 1, . . . , n,

where integration is taken with respect to the rotation-invariant probability
measure on the Grassmannian G(n, i) of all i-dimensional linear subspaces
E ⊂ Rn, and K|E denotes the image of the orthogonal projection onto E.
Hence, the quermassintegrals are (up to some constants) the means of the
volumes of projections.

There are two far-reaching extensions of the classical Brunn-Minkowski
theory, both arising basically by replacing the classical Minkowski (vector-
wise) addition by another additive operation (cf. [8, 9]), and both being
cornerstones of modern convex geometry. The first one is the Lp-addition,
introduced and studied by Firey in [5]. A systematic investigation of the
Lp-sum of convex bodies and its consequences was started by Lutwak in
[21, 22]. It led to the rich and emerging Lp-Brunn-Minkowski theory for
which we refer to [26, s. 9.1, 9.2]).

The second one, the dual Brunn-Minkowski theory, was introduced by
Lutwak in [19, 20], and is based on the radial addition x+̃y for x, y ∈ Rn,
where

x+̃y =

{
x+ y, if x, y are linearly dependent,

0, otherwise.

In general, the radial sum K+̃L = {x+̃y : x ∈ K, y ∈ L} of two convex
bodies K,L is not a convex set, but the radial sum of two star bodies is
again a star body. In fact, the dual Brunn-Minkowski theory operates on
this (larger) class of sets, and this is also one of the features of the dual
Brunn-Minkowski theory which makes it so useful. The celebrated solution
of the Busemann-Petty problem is amongst the recent successes of the dual
Brunn-Minkowski theory (cf. [6, 10, 29]), and it also has connections and
applications to integral geometry, Minkowski geometry and the local theory
of Banach spaces.

In order to define star bodies, we call a non-empty set S ⊆ Rn starshaped
(with respect to the origin) if the segment [0, x] ⊆ S for all x ∈ S. For a
compact starshaped setK its radial function ρK : Sn−1 −→ R≥0 is defined by

ρK(u) = max{ρ ≥ 0 : ρu ∈ K}.
If this function is positive and continuous then K is called a star body.
In particular, any star body has non-empty interior and any convex body
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containing the origin in its interior is a star body. Let Sn0 be the set of all
star bodies in Rn. Considering now the volume of the radial sum K+̃λL for
K,L ∈ Sn0 and λ ≥ 0, i.e.,

K+̃λL =
{
x+̃λy : x ∈ K, y ∈ L

}
,

leads, in analogy to the classical Brunn-Minkowski theory, to the (relative)
dual Steiner polynomial (see e.g. [19], [26, p. 508]),

(1.3)
∣∣K+̃λL

∣∣ =

n∑
i=0

(
n

i

)
W̃i(K,L)λi.

The coefficients W̃i(K,L) are the (relative) dual quermassintegrals of K
and L. They are special cases of the dual mixed volumes, which were intro-
duced by Lutwak in [19] (see also [26, s. 9.3]). As in the classical case, we

have W̃0(K,L) = |K| and W̃n(K,L) = |L|. Moreover, in analogy to Kub-

ota’s formula (1.2), the dual quermassintegrals W̃i(K,B
n
2 ) admit an integral

geometric representation as the means of the volumes of sections (cf. [26,
(9.38)]):

W̃n−i(K,B
n
2 ) =

|Bn
2 |

|Bi
2|i

∫
G(n,i)

|K ∩ E|i dE, i = 1, . . . , n.

There are many more “dualities” and similarities between the classical and
the dual theory. In this context, as well as for the immense impact of the dual
Brunn-Minkowski theory, we refer, for instance, to [1, 2, 4, 7, 13, 15, 17, 26]
and the references inside.

In contrast to the classical quermassintegrals, the dual quermassintegrals
have a direct integral geometric representation in terms of the radial func-
tions of the involved star bodies K,L ∈ Sn0 ([19], [26, s. 9.3]):

(1.4) W̃i(K,L) =
1

n

∫
Sn−1

ρK(u)n−iρL(u)i dσ(u).

Here σ is the usual spherical Lebesgue measure. We also observe that (1.4)

defines dual quermassintegrals W̃i(K,L) for any real index i ∈ R, whereas
Wi(K,L), for K,L ∈ Kn, is only defined for i = 0, . . . , n.

Given a polynomial associated to a geometric (or combinatorial, alge-
braic, etc.) structure, it is a natural and central problem to characterize
these polynomials among all polynomials of a given degree, i.e., to find nec-
essary and sufficient conditions determining the set of coefficients of the
polynomials in question.

Regarding the Steiner polynomial (1.1), this characterization problem was
solved by Shephard in [27]. He proved that the well-known Aleksandrov-
Fenchel inequalities (see [26, (9.40)]) are necessary and sufficient conditions
to characterize the quermassintegrals of two convex bodies (see also [14]).
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For general mixed volumes the problem is open. More precisely, given
k ≥ 2 convex bodies K1, . . . ,Kk ∈ Kn, there are N =

(
n+k−1
n

)
mixed vol-

umes V(Ki1 , . . . ,Kin), 1 ≤ i1 ≤ · · · ≤ in ≤ k, where we refer to [26, s. 5.1]
for a thorough study of mixed volumes. A set of inequalities is called a
full set if for given N (non-negative) numbers satisfying these inequalities,
there exist k convex bodies whose mixed volumes are the given numbers. In
this terminology, Shephard proved that for k = 2 the Aleksandrov-Fenchel
inequalities form a full set. He also showed that if k = n + 2 the known
inequalities are not a full set. Moreover, for k = 3 and n = 2, Heine [12]
proved that the Aleksandrov-Fenchel inequalities together with the determi-
nantal inequality det

(
V(Ki,Kj)1≤i,j≤3

)
≥ 0 yield a full set. Even for more

than three planar convex bodies the problem is open.
The main aim of this paper is to present an analogue of Shephard’s

result within the dual Brunn-Minkowski theory, i.e., to characterize dual
quermassintegrals of star bodies. The first substantial difference to the
classical case is that dual quermassintegrals are defined for any real in-
dex (cf. (1.4)) independently of the dimension of the involved star bodies.
Therefore, we consider here tuples of finitely many distinct real numbers
(indices) (r0 = 0, r1, . . . , rm), rj ∈ R, 1 ≤ j ≤ m, and for n ≥ 2 we give a
characterization of those tuples (ω0, ω1, . . . , ωm) of positive real numbers ωi
such that there exist n-dimensional star bodies K,L with W̃rj (K,L) = ωj ,
j = 0, . . . ,m.

We note that we have to assume that 0 appears as index, meaning that we

need the information about the volume of K, since |K| = W̃0(K,L) = ω0.
Moreover, throughout the paper we will always assume that such a tuple
(r0, r1, . . . , rm) consists of pairwise distinct numbers.

In order to state our characterization we need a bit more notation. We
write intX to represent the interior of a set X ⊆ Rn, and we use convX
and posX for its convex and positive hulls, respectively.

For 0 < a < b and for R = (r0 = 0, r1, . . . , rm), rj ∈ R, 1 ≤ j ≤ m, we
write

(1.5) CRa,b = pos
{

(tr0 = 1, tr1 , tr2 , . . . , trm)ᵀ : t ∈ [a, b]
}
⊂ Rm+1.

Theorem 1.1. Let R = (r0 = 0, r1, . . . , rm), rj ∈ R, 1 ≤ j ≤ m, let
ωi ∈ R>0, 0 ≤ i ≤ m, be positive real numbers and let n ≥ 2. Then there
exist star bodies K,L ∈ Sn0 such that

W̃ri(K,L) = ωi, 0 ≤ i ≤ m,

if and only if

i) either there exist 0 < a < b such that

(ω0, ω1, . . . , ωm)ᵀ ∈ intCRa,b,

ii) or ωi = λriω0 for some λ > 0 and 1 ≤ i ≤ m.
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Observe, that the dimension n of the star bodies can be freely chosen,
and that the second case ii) corresponds to L = λK (cf. Lemma 2.1 ii) in
Section 2). We also want to point out that condition i) is equivalent to
the fact that (ω0, ω1, . . . , ωm)ᵀ ∈ int pos

{
(tr0 = 1, tr1 , tr2 , . . . , trm)ᵀ : t > 0

}
(see Remark 2.2). For our purposes, however, the formulation via finite
intervals is more suitable, e.g., for Theorem 2.2, in which we provide another

characterization of the dual quermassintegrals W̃i(K,L) for natural indices
i = 0, . . . ,m, via the positive definiteness of certain Hankel-matrices.

The characterization of dual quermassintegrals in Theorem 1.1 is related
to the moment problem (see e.g. [18]). Based on this relation, we will also
get new determinantal inequalities between dual quermassintegrals, proved
in Section 3. The main result is here:

Theorem 1.2. Let K,L ∈ Sn0 and let m ∈ N, m ≥ 1. For pairwise distinct
numbers r1, . . . , rm ∈ R, let Am ∈ Rm×m be the Hankel matrix

Am =
(

W̃ri+rj (K,L)
)

1≤i,j≤m
.

Then detAm ≥ 0 with equality if and only if K = λL for some λ > 0.

As a corollary we get, for instance, the following result:

Corollary 1.1. Let K,L ∈ Sn0 . For m ∈ N let

∆m =


W̃0(K,L) W̃1(K,L) · · · W̃m(K,L)

W̃1(K,L) W̃2(K,L) · · · W̃m+1(K,L)
...

...
...

...

W̃m(K,L) W̃m+1(K,L) · · · W̃2m(K,L)

 .

Then det ∆m ≥ 0 with equality if and only if K = λL for some λ > 0.

As pointed out in Remark 3.1, these determinantal inequalities yield new
inequalities for the dual quermassintegrals. In the classical setting, the va-
lidity of a family of determinantal inequalities for mixed volumes remains
an open problem (see [3]).

In several recent articles (see, e.g., [14] and the references therein), the
characterization of the quermassintegrals of convex bodies became a key
tool in order to study structural properties of the set of roots of the relative
Steiner polynomial, regarded as a polynomial in a complex variable, cf. (1.1).

With the help of Theorem 1.1, we also carry out the corresponding study
for the roots of dual Steiner polynomials. To this end we regard the right
hand side in (1.3) as a formal polynomial in a complex variable z ∈ C, which
we denote by

f̃K,L(z) =

n∑
i=0

(
n

i

)
W̃i(K,L)zi.

We observe that 0 cannot be a root of any dual Steiner polynomial because

W̃0(K,L) = |K| > 0 for K ∈ Sn0 .
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Here we are interested in the location and the structure of the roots of
f̃K,L(z). To this end, let C+ = {z ∈ C : Im(z) ≥ 0}, and for n ≥ 2 let

(1.6) R̃(n) =
{
z ∈ C+ : f̃K,L(z) = 0 for some K,L ∈ Sn0

}
be the set of all roots of all dual Steiner polynomials in the upper half-plane.
We prove the following result.

Theorem 1.3. Let n ≥ 1.

a) R̃(n) is a convex cone containing the negative real axis R<0.

b) R̃(n) ∩ bd R̃(n) = R<0, i.e., it is half-open.

c) R̃(n) is monotonous in the dimension, i.e., R̃(n) ⊆ R̃(n+ 1).

In view of [14, Theorem 1.1 and Theorem 1.3] we note that the dual
Steiner polynomial shares properties a) and c) with the classical Steiner poly-
nomial. However, property b) provides a first structural difference between
both polynomials, since the cone of roots of the classical Steiner polynomial
is closed (see [14, Theorem 1.2]).

The above theorem will be proved in Section 4, along with several addi-
tional properties of the roots. In Section 2 we give characterizations of dual
quermassintegrals of star bodies, in particular, the proof of Theorem 1.1.
The proof of Theorem 1.2 as well as further determinantal inequalities are
contained in Section 3.

2. Characterization of dual quermassintegrals

For any r ∈ R, the r-th dual quermassintegral is a monotonous and ho-
mogeneous functional of degree n − r in its first argument and of degree r
in the second one (cf. (1.4)), i.e., given K,K ′, L ∈ Sn0 with K ⊆ K ′, λ > 0,
and r ∈ R, then

W̃r(K,L) ≤ W̃r(K
′, L) and

W̃r(λK,L) = λn−rW̃r(K,L), W̃r(K,λL) = λrW̃r(K,L).

It is also well-known that for K,L ∈ Sn0 (see e.g. [26, (9.40)])

(2.1) W̃s(K,L)t−r ≤ W̃r(K,L)t−sW̃t(K,L)s−r, r < s < t,

which are the “dual” counterpart to the classical Aleksandrov-Fenchel in-
equalities, but now with real r, s, t. In (2.1) equality holds if and only if K
and L are dilates.

The next lemma collects two more basic properties of dual quermassinte-
grals which will be needed later.

Lemma 2.1. Let K,L ∈ Sn0 .

i) If L ⊆ K and r < s then

W̃r(K,L) ≥ W̃s(K,L).

ii) W̃α(K,L) = µαW̃0(K,L) for α = r, s, t ∈ R, r < s < t, and some
µ > 0, if and only if L = µK.
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Proof. For i) we observe that ρL(u) ≤ ρK(u) for u ∈ Sn−1 and hence, by
(1.4),

W̃r(K,L) =
1

n

∫
Sn−1

ρK(u)n−rρL(u)r dσ(u)

=
1

n

∫
Sn−1

ρK(u)n−sρL(u)s
(
ρK(u)

ρL(u)

)s−r
dσ(u)

≥ 1

n

∫
Sn−1

ρK(u)n−sρL(u)s dσ(u) = W̃s(K,L).

In order to verify ii) we note that W̃α(K,L) = µαW̃0(K,L) for α = r, s, t
implies

W̃r(K,L)t−sW̃t(K,L)s−r = µs(t−r)W̃0(K,L)t−r = W̃s(K,L)t−r.

Hence, we have equality in (2.1), which yields L = µK. The converse is
obviously true by the homogeneity of the dual quermassintegrals. �

For the proof of Theorem 1.1 we need the following notation: given a
measure µ on an interval [a, b] ⊂ (0,∞) we write, for any r ∈ R,

(2.2) mr(µ) =

∫ b

a
tr dµ(t).

When r ∈ N∪{0}, the above numbers are the moments of µ on the interval
[a, b] and, roughly speaking, the existence of a measure with prescribed
moments is the so-called moment problem. For a thorough study we refer,
e.g., to [18, 25].

A quite general answer to the existence problem of such a measure on a
finite interval [a, b] is provided by the following refinement of Riesz’s rep-
resentation theorem (see, e.g., [18, Theorem 3.5 and P. 3.9 in p. 17]). It
will be also a key tool in our proof of Theorem 1.1 and provides the connec-
tion between our characterization of dual quermassintegrals and the moment
problem.

Theorem 2.1 (Riesz). Let α : [a, b] −→ Rn, α(t) =
(
α1(t), . . . , αn(t)

)ᵀ
,

be a curve in Rn not contained in a hyperplane through 0, and let x ∈ Rn.
There exists a probability measure µ on [a, b] such that

xi =

∫ b

a
αi(t) dµ(t), for every i = 1, . . . n,

if and only if x ∈ conv
{
α(t) : t ∈ [a, b]

}
.

Moreover, x ∈ int conv
{
α(t) : t ∈ [a, b]

}
if and only if there exits a

continuous function φ : [a, b] −→ (0,∞) such that dµ(t) = φ(t) dt.

As a corollary we deduce that the above property regarding interior points
is equivalent to the fact that the measure µ can be assumed to be supported
on the whole interval [a, b].
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Corollary 2.1. Let α : [a, b] −→ Rn be a continuous curve in Rn not con-
tained in a hyperplane through 0, and let x ∈ Rn. There exists a probability
measure µ on [a, b] such that µ

(
[c, d)

)
> 0 for every [c, d) ⊂ [a, b] and

(2.3) xi =

∫ b

a
αi(t) dµ(t), for every i = 1, . . . n,

if and only if x ∈ int conv
{
α(t) : t ∈ [a, b]

}
.

Proof. First we suppose that x ∈ int conv
{
α(t) : t ∈ [a, b]

}
. Then, by

Theorem 2.1, there exists a probability measure µ satisfying (2.3) and with a
positive density φ with respect to the Lebesgue measure. Thus µ

(
[c, d)

)
> 0

for all [c, d) ⊂ [a, b].
Conversely, if we suppose the existence of a measure µ satisfying our

assumptions, Theorem 2.1 gives x ∈ conv
{
α(t) : t ∈ [a, b]

}
. So, let us

assume that x /∈ int conv
{
α(t) : t ∈ [a, b]

}
. Then there exists a supporting

hyperplane to conv
{
α(t) : t ∈ [a, b]

}
at x with outer normal vector u ∈ Sn−1,

say, and 〈y, u〉 ≤ 〈x, u〉 for y ∈ conv
{
α(t) : t ∈ [a, b]

}
. Furthermore, since

α
(
[a, b]

)
is not contained in a hyperplane, there exists [c, d) ⊂ [a, b] with〈

α(t), u
〉
< 〈x, u〉 for t ∈ [c, d). Thus, we get the contradiction

〈x, u〉 =

∫ b

a

〈
α(t), u

〉
dµ(t) < 〈x, u〉,

and so x ∈ int conv
{
α(t) : t ∈ [a, b]

}
. �

The next lemma finally relates the dual quermassintegrals to the real
moments (2.2).

Lemma 2.2. Let [a, b] ⊂ (0,∞), a < b, let n,m ≥ 2, and let rj ∈ R,
j = 1, . . . ,m, and r0 = 0. Let µ be a positive measure on [a, b] such that
µ
(
[c, d)

)
> 0 for every [c, d) ⊂ [a, b] and µ

(
[a, b]

)
= |Bn

2 |. Then there exists
L ∈ Sn0 satisfying

W̃rj (B
n
2 , L) = mrj (µ), 0 ≤ j ≤ m.

Proof. Let F : [a, b] −→ [0, 1] be the function defined by

F (t) =
µ
(
[t, b]

)
µ
(
[a, b]

) .
Our assumptions ensure that F is a strictly decreasing function, continuous
from the left and satisfies F (a) = 1 and F (b) = µ

(
{b}
)
/µ
(
[a, b]

)
. Let

G : [0, 1] −→ [a, b] be the function

G(s) = sup
{
t ∈ [a, b] : F (t) ≥ s

}
,

which coincides with F−1 when F is bijective. Since F is strictly decreasing,
it is easy to see that G is decreasing and continuous, and so, the function
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ρL : Sn−1 −→ [a, b] given by

ρL(u) = G

σ
({
v ∈ Sn−1 : |v1| ≥ |u1|

})
σ(Sn−1)


is continuous and positive on Sn−1. Hence, it defines a star body L ∈ Sn0 .
Moreover, since ρL(w) ≥ ρL(u) if and only if |w1| ≥ |u1|, we get for t ∈ [a, b]

σ
({
v ∈ Sn−1 : ρL(v) ≥ t

})
σ(Sn−1)

= F (t) =
µ
(
[t, b]

)
µ
(
[a, b]

) .
In the case t /∈ [a, b] we trivially have

σ
({
v ∈ Sn−1 : ρL(v) ≥ t

})
σ(Sn−1)

=
µ
({
s ∈ [a, b] : s ≥ t

})
µ
(
[a, b]

) .

Finally, since µ
(
[a, b]

)
= m0(µ) = |Bn

2 | we have W̃r0(Bn
2 , L) = m0(µ), and

since σ(Sn−1) = n|Bn
2 |, we find by the layer cake formula for j = 1, . . . ,m,

W̃rj (B
n
2 , L) =

1

n

∫
Sn−1

ρ
rj
L (u) dσ(u)

=
1

n

∫ ∞
0

rj t
rj−1σ

({
v ∈ Sn−1 : ρL(v) ≥ t

})
dt

=
|Bn

2 |
µ
(
[a, b]

) ∫ ∞
0

rjt
rj−1µ

({
s ∈ [a, b] : s ≥ t

})
dt

=

∫ b

a
srj dµ(s) = mrj (µ). �

Now we are ready to prove Theorem 1.1.

Proof of Theorem 1.1. We start assuming the existence of star bodiesK,L ∈
Sn0 such that W̃ri(K,L) = ωi for i = 0, . . . ,m. We denote by f : Sn−1 −→
(0,∞) the continuous function f(u) = ρL(u)/ρK(u), and let

(2.4) a = min
u∈Sn−1

f(u) and b = max
u∈Sn−1

f(u).

Let ν be the measure on the sphere given by dν = (1/n)ρnK(u) dσ(u) and
let µ be the push-forward measure of ν by f . Then µ is supported on [a, b]
and it is defined by

µ(A) = ν
(
f−1(A)

)
=

1

n

∫
f−1(A)

ρnK(u) dσ(u)
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for any Borel subset A ⊆ [a, b]. Consequently, in the case a < b we have∫ b

a
tri dµ(t) =

∫
Sn−1

f(u)ri dν(u)

=
1

n

∫
Sn−1

(
ρL(u)

ρK(u)

)ri
ρnK(u) dσ(u)

= W̃ri(K,L) = ωi, i = 0, . . . ,m

(cf. (1.4)). The measure dµ/W̃0(K,L) is a probability measure with support
[a, b]. Then, the second part in Theorem 2.1 applied to the “real moment
curve” α(t) = (tr1 , tr2 , . . . , trm)ᵀ ensures that(

ω1

ω0
,
ω2

ω0
, . . . ,

ωm
ω0

)ᵀ
∈ int conv

{
(tr1 , tr2 , . . . , trm)ᵀ : t ∈ [a, b]

}
and hence

(2.5) (ω0, ω1, . . . , ωm)ᵀ ∈ intCRa,b.

On the other hand, if a = b then f(u) = a for every u ∈ Sn−1, which implies

that L = aK, and hence ωi = W̃ri(K,L) = ari |K| = ariω0 for i = 0, . . . ,m.
For the converse direction, let 0 < a < b and

(2.6) (ω0, ω1, . . . , ωm)ᵀ ∈ intCRa,b.

Then (
ω1

ω0
,
ω2

ω0
, . . . ,

ωm
ω0

)ᵀ
∈ int conv

{
(tr1 , tr2 , . . . , trm)ᵀ : t ∈ [a, b]

}
,

and Corollary 2.1 yields the existence of a probability measure µ on [a, b]
such that µ

(
[c, d)

)
> 0 for every [c, d) ⊂ [a, b] and

ωi
ω0

=

∫ b

a
tri dµ(t), i = 0, . . . ,m.

Hence, since

mri

(
|Bn

2 |µ
)

=

∫ b

a
tri |Bn

2 | dµ(t) =
|Bn

2 |ωi
ω0

,

application of Lemma 2.2 to the measure |Bn
2 |µ implies the existence of a

star body L′ ∈ Sn0 such that for i = 0, . . . ,m

|Bn
2 |ωi
ω0

= W̃ri(B
n
2 , L

′).

Thus, with

K =

(
ω0

|Bn
2 |

)1/n

Bn
2 and L =

(
ω0

|Bn
2 |

)1/n

L′,

we get, for i = 0, . . . ,m,

ωi = W̃ri(K,L).
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Finally, if there exists λ > 0 such that ωi = λriω0, 0 ≤ i ≤ m, any star body

K ∈ Sn0 with |K| = ω0 and L = λK yield ωi = W̃ri(K,L). �

Remark 2.1. We want to point out that the proof above, in particular,
shows that for non-homothetic K,L ∈ Sn0 (cf. (2.4), (2.5))(

W̃r0(K,L), . . . , W̃rm(K,L)
)ᵀ ∈ intCRa,b,

with a = minu∈Sn−1 ρL(u)/ρK(u) and b = maxu∈Sn−1 ρL(u)/ρK(u).

Remark 2.2. We also want to note that case i) in Theorem 1.1 is equivalent
to

(ω0, ω1, . . . , ωm)ᵀ ∈ int pos
{

(tr0 = 1, tr1 , tr2 , . . . , trm)ᵀ : t > 0
}

=: intCR.

Indeed, clearly intCRa,b ⊂ intCR for any 0 < a < b. On the other hand, if

x ∈ intCR then Steinitz’s theorem (see e.g. [26, Theorem 1.3.10]) implies
that there exist t1, . . . , tk ∈ R>0, with k = 2(m+ 1), such that

x ∈ int pos
{

(1, tr11 , . . . , t
rm
1 )ᵀ, . . . , (1, tr1k , . . . , t

rm
k )ᵀ

}
.

With a = min{t1, . . . , tk} and b = max{t1, . . . , tk} we get x ∈ intCRa,b.

Obviously, in order to apply Theorem 1.1 it would convenient to have a
more explicit description of the cone CRa,b, for instance, by “few” polynomial
inequalities. For a representation by an infinite family of linear inequalities
in the special case R = (0, 1, . . . ,m) we refer to [24]. Actually, [24] gives a
description of the so-called cyclic body conv

{
(t1, t2, . . . , tm) : t ∈ [a, b]

}
as

intersection of halfspaces, but, of course, CRa,b is just the conification of the

cyclic body (cf. (1.5)).
For the particular sequence of exponents R = (0, 1, . . . ,m) we will write

Cma,b instead of CRa,b in order to stress its dimension. For these special expo-
nents we will derive from Theorem 1.1 another characterization of the dual
quermassintegrals. To this end the following known fact is needed.

Lemma 2.3 ([18, Theorem 1.1 in ch. 3]). Let 0 < a < b and m ∈ N. Then
(x0, . . . , xm) ∈ intCma,b if and only if, for every polynomial P (t) =

∑m
i=0 cit

i,

ci ∈ R, P (t) 6≡ 0, which is non-negative on [a, b], it holds

m∑
i=0

cixi > 0.

Theorem 2.2. Let m,n ∈ N, m,n ≥ 2, and let ωi > 0, i = 0, . . . ,m. Then
there exist star bodies K,L ∈ Sn0 such that

W̃i(K,L) = ωi for all i = 0, . . . ,m
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if and only if, either there exist 0 < a < b such that the Hankel matrices

(aj,k)
bm/2c
j,k=0 and (bj,k)

b(m−1)/2c
j,k=0 given by

aj,k =

{
ωj+k, if m is even,

ωj+k+1 − aωj+k, if m is odd,

bj,k =

{
(a+ b)ωj+k+1 − abωj+k − ωj+k+2, if m is even,

bωj+k − ωj+k+1, if m is odd,

are positive definite, or ωi = λiω0 for some λ > 0 and i = 1, . . . ,m; in this
case L = λK.

Proof. By Theorem 1.1, ωi, i = 0, . . . ,m, are the dual quermassintegrals of
two star bodies if and only if, either there exist 0 < a < b such that

(2.7) (ω0, ω1, . . . , ωm) ∈ intCma,b,

or ωi = λiω0 for some λ > 0, i = 1, . . . ,m. Hence, we have to prove that

(2.7) is equivalent to the fact that the Hankel matrices (aj,k)
la
j,k=0, (bj,k)

lb
j,k=0

are positive definite, where la = bm/2c and lb = b(m− 1)/2c.
First we assume that there are 0 < a < b such that the Hankel matrices

(aj,k)
la
j,k=0, (bj,k)

lb
j,k=0 are positive definite. We are going to use Lemma 2.3

in order to verify (2.7). To this end let P (t) 6≡ 0 be a polynomial of degree
m, non-negative on [a, b]. According to the Markov-Lukács theorem (see
e.g. [18, Theorem 2.2 in ch. 3]), P (t) can be written as
(2.8)

P (t) =


(∑la

i=0 cit
i
)2

+ (b− t)(t− a)
(∑lb

i=0 dit
i
)2
, if m is even,

(t− a)
(∑la

i=0 cit
i
)2

+ (b− t)
(∑lb

i=0 dit
i
)2
, if m is odd,

for some ci, di ∈ R. Then, for m even, and by the positive definiteness of

the matrices (aj,k)
la
j,k=0, (bj,k)

lb
j,k=0, we get

0 <

la∑
j,k=0

cjck aj,k +

lb∑
j,k=0

djdk bj,k

=

la∑
j,k=0

cjckωj+k +

lb∑
j,k=0

djdk
[
(a+ b)ωj+k+1 − abωj+k − ωj+k+2

]
.

Thus, Lemma 2.3 shows (2.7). The case m odd can be treated in the same
way.

Next we assume that (2.7) holds and let m be even with m = 2p, p ∈ N.
Then la = p and lb = p− 1.

For any c0, . . . , cp ∈ R, not all zero, the polynomial(
p∑

k=0

ckt
k

)2

=

p∑
j,k=0

cjckt
j+k
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is non-negative. Hence, Lemma 2.3 yields
p∑

j,k=0

cjck ωj+k > 0,

and thus, the Hankel matrix (ωj+k)
p
j,k=0 is positive definite. Analogously,

for any d0, . . . , dp−1 ∈ R, not all zero, the polynomial

(b− t)(t− a)

(
p−1∑
k=0

dkt
k

)2

=

p−1∑
j,k=0

djdk
[
(a+ b)tj+k+1 − abtj+k − tj+k+2

]
is non-negative on [a, b]. Again Lemma 2.3 yields

p−1∑
j,k=0

djdk
[
(a+ b)ωj+k+1 − abωj+k − ωj+k+2

]
> 0.

Therefore, the matrix
(
(a + b)ωj+k+1 − abωj+k − ωj+k+2

)p−1

j,k=0
is positive

definite.
In the case m odd we consider in the same way non-negative polynomials

of the type (t− a)
(∑la

i=0 cit
i
)2

and (b− t)
(∑lb

i=0 dit
i
)2

. �

3. New determinantal inequalities for dual quermassintegrals

Theorem 2.2 immediately leads to determinantal inequalities among the

dual quermassintegrals W̃i(K,L), i ∈ N∪{0}, of two star bodies K,L ∈ Sn0 .
To this end we just note that, in view of Remark 2.1, Theorem 2.2 gives that
for every m ∈ N the following Hankel matrices are positive definite, except
when K and L are dilates:(

W̃j+k(K,L)
)

0≤j,k≤m
,
(

W̃j+k+1(K,L)− aW̃j+k(K,L)
)

0≤j,k≤m
,(

(a+ b)W̃j+k+1(K,L)− abW̃j+k(K,L)− W̃j+k+2(K,L)
)

0≤j,k≤m
,(

bW̃j+k(K,L)− W̃j+k+1(K,L)
)

0≤j,k≤m
,

where a = minu∈Sn−1 ρL(u)/ρK(u), b = maxu∈Sn−1 ρL(u)/ρK(u).

Theorem 1.2 establishes determinantal inequalities also for real indices.

Proof of Theorem 1.2. Obviously, if K = λL for some λ > 0 then detAm =
0. Hence, we may assume that K and L are not dilates of each other. Let
f : Sn−1 −→ (0,∞) be defined by

f(u) =
ρL(u)

ρK(u)
.

Since K and L are not dilates of each other, f(u) is a continuous non-
constant function.
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Let ai ∈ R, i = 0, . . . ,m, not all of them zero. Then it is known that the
so-called generalized Dirichlet (or exponential) polynomial

∑m
i=1 ai x

ri has
only finitely many roots in (0,∞) (see, e.g., [16]). Hence

P (x) =

(
m∑
i=1

aix
ri

)2

=

m∑
i,j=1

aiajx
ri+rj

is non-negative for all x ∈ (0,∞) and has only finitely many zeros. Since
f(u) is a non-constant continuous function we conclude that

1

n

∫
Sn−1

P
(
f(u)

)
ρnK(u) dσ(u) > 0.

Thus,

m∑
i,j=1

aiaj

(
1

n

∫
Sn−1

(
ρL(u)

ρK(u)

)ri+rj
ρnK(u) dσ(u)

)
=

m∑
i,j=1

aiajW̃ri+rj (K,L) > 0,

which shows that Am is a positive definite matrix, and so detAm > 0. �

We observe that Theorem 1.2 implies, in particular, for m = 2 and real
r 6= s ∈ R, that

0 ≤ det

(
W̃r(K,L) W̃(r+s)/2(K,L)

W̃(r+s)/2(K,L) W̃s(K,L)

)

= W̃r(K,L)W̃s(K,L)− W̃(r+s)/2(K,L)2,

which might be considered as particular cases of the dual Aleksandrov-
Fenchel inequalities (2.1). Taking different submatrices we obtain different
families of inequalities.

Remark 3.1. The determinantal inequalities in Corollary 1.1 cannot be ob-
tained from the known Aleksandrov-Fenchel inequalities (2.1). For instance,
for any sequence of numbers ω0 > ω1 > ω2 = ω3 = ω4 (cf. Lemma 2.1 i))
satisfying (2.1), e.g., (5, 2, 1, 1, 1), we have det ∆2 < 0.

4. The set of roots of dual Steiner polynomials

We start collecting some properties on the behavior of the roots of dual
Steiner polynomials

f̃K,L(z) =

n∑
i=0

(
n

i

)
W̃i(K,L)zi, z ∈ C,

when the involved star bodies K,L ∈ Sn0 slightly change. They will be used
for the proof of Theorem 1.3. We notice that these properties are similar to
the ones of the relative Steiner polynomial, but for completeness’ sake we
include the proof.

Lemma 4.1. Let K,L ∈ Sn0 , and let γ be a root of f̃K,L(z).
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i) Let λ > 0. Then λ γ is a root of f̃λK,L(z).

ii) Let µ ≥ 0. Then γ − µ is a root of f̃K+̃µL,L(z).

iii) Let γ = α + β i with α < 0, and let 0 < ρ ≤ 1. Then α + (ρβ) i is a

root of f̃ρK+̃(ρ−1)αL,L(z).

Proof. Since W̃i(λK,L) = λn−i W̃i(K,L) for any i = 0, . . . , n, we have

f̃λK,L(z) = λn f̃K,L(z/λ), which shows i).

For λ, µ ≥ 0, the radial addition of star bodies satisfies µL+̃λL = (µ+λ)L
(see e.g. [20, (2.2)]), and hence∣∣∣(K+̃µL

)
+̃λL

∣∣∣ =
∣∣K+̃(µ+ λ)L

∣∣ =
n∑
i=0

(
n

i

)
W̃i(K,L) (µ+ λ)i.

Therefore, f̃K+̃µL,L(z) = f̃K,L(µ+ z), which implies ii).

Finally, iii) is just a combination of ii) and i), because the radial addition
satisfies ρK+̃(ρ− 1)αL = ρ

(
K+̃[(ρ− 1)α/ρ]L

)
(see again [20, (2.2)]). �

The following proposition states that both, the derivative as well as the
antiderivative of a dual Steiner polynomial are again dual Steiner polynomi-
als. This result will be crucial in the proof of Theorem 1.3. We recall that

for an integer m ≥ 1, Cma,b denotes the cone C
(0,1,...,m)
a,b ⊂ Rm+1.

Proposition 4.1. Let K,L ∈ Sn0 .

i) There exist K ′, L′ ∈ Sn−1
0 such that

df̃K,L
dz

(z) = f̃K′,L′(z).

ii) There exist K ′′, L′′ ∈ Sn+1
0 such that

df̃K′′,L′′

dz
(z) = f̃K,L(z).

Proof. First, we note that since W̃n−i(K,L) = W̃i(L,K) for all i = 0, . . . , n,
Theorem 1.1 gives that

a) either there exist 0 < a < b such that(
W̃n(K,L), W̃n−1(K,L), . . . , W̃0(K,L)

)ᵀ ∈ intCna,b,

b) or W̃n−i(K,L) = λiW̃n(K,L) for some λ > 0 and all i = 1, . . . , n.

For i) we observe that the derivative of f̃K,L(z) is given by

df̃K,L
dz

(z) =

n∑
i=1

(
n

i

)
iW̃i(K,L)zi−1 =

n−1∑
i=0

(
n− 1

i

)
nW̃i+1(K,L)zi.

If a) holds then, in particular,(
W̃n(K,L), W̃n−1(K,L), . . . , W̃1(K,L)

)ᵀ ∈ intCn−1
a,b ,
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and thus
(
nW̃n(K,L), nW̃n−1(K,L), . . . , nW̃1(K,L)

)ᵀ ∈ intCn−1
a,b . Hence,

by Theorem 1.1, there exist star bodies K ′, L′ ∈ Sn−1
0 such that

nW̃n−i(K,L) = W̃
(n−1)

i (L′,K ′) = W̃
(n−1)

n−i−1(K
′, L′)

for all i = 0, . . . , n− 1, where W̃
(j)

i denotes the i-th dual quermassintegral in

Rj . Therefore
(
df̃K,L/dz

)
(z) is the dual Steiner polynomial in Rn−1 of the

bodies K ′, L′.
If b) holds, then K = λL (cf. Lemma 2.1 ii)), and hence

df̃K,L
dz

(z) = n|L|(λ+ z)n−1.

Taking L′ ∈ Sn−1
0 with |L′|n−1 = n|L| and setting K ′ = λL′, we obtain

f̃K′,L′(z) =
n−1∑
i=0

(
n− 1

i

)
W̃

(n−1)

i (K ′, L′)zi = |L′|n−1(λ+ z)n−1 =
df̃K,L

dz
(z).

This finishes the proof of i).

The formal antiderivative of f̃K,L(z) is given by∫
f̃K,L(z) dz = C +

n∑
i=0

(
n

i

)
1

i+ 1
W̃i(K,L)zi+1

= C +
n+1∑
i=1

(
n+ 1

i

)
1

n+ 1
W̃i−1(K,L)zi,

for a constant C ∈ R.
Again we start assuming that a) holds. Let H = span{e1, . . . , en+1} ⊂

Rn+2 be the linear subspace spanned by the first n+ 1 canonical vectors ei.
Since

1

n+ 1

(
W̃n(K,L), W̃n−1(K,L), . . . , W̃0(K,L)

)ᵀ ∈ intCna,b,

and Cna,b = Cn+1
a,b |H is the orthogonal projection of Cn+1

a,b onto H, there exists

a point (ω0, . . . , ωn+1)ᵀ ∈ intCn+1
a,b such that

(ω0, . . . , ωn+1)ᵀ|H =
1

n+ 1

(
W̃n(K,L), W̃n−1(K,L), . . . , W̃0(K,L)

)ᵀ
.

By Theorem 1.1, there exist star bodies L′′,K ′′ ∈ Sn+1
0 such that ωi =

W̃
(n+1)

i (L′′,K ′′), i = 0, . . . , n+ 1, and, consequently,

1

n+ 1
W̃n−i(K,L) = ωi = W̃

(n+1)

i (L′′,K ′′) = W̃
(n+1)

n+1−i(K
′′, L′′),
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for all i = 0, . . . , n. Then, setting C = ωn+1 we get

f̃K′′,L′′(z) =
n+1∑
i=0

(
n+ 1

i

)
W̃

(n+1)

i (K ′′, L′′)zi

= C +
n+1∑
i=1

(
n+ 1

i

)
1

n+ 1
W̃i−1(K,L)zi,

and thus
(
df̃K′′,L′′/dz

)
(z) = f̃K,L(z).

Finally, if b) holds, then K = λL (cf. Lemma 2.1 ii)). So it suffices to
take L′′ ∈ Sn+1

0 with |L′′|n+1 = |L|/(n+ 1) and to set K ′′ = λL′′. Then

df̃K′′,L′′

dz
(z) =

d

dz

[
n+1∑
i=0

(
n+ 1

i

)
W̃

(n+1)

i (K ′′, L′′)zi

]

=
d

dz

[
|L′′|n+1(λ+ z)n+1

]
= (n+ 1)|L′′|n+1(λ+ z)n

= |L|(λ+ z)n = f̃K,L(z). �

For the proof of Theorem 1.3 we need one more notation: for complex
numbers z1, . . . , zk ∈ C let

σi (z1, . . . , zk) =
∑

J⊆{1,...,k}
#J=i

∏
j∈J

zj

be the i-th elementary symmetric function of z1, . . . , zk, 1 ≤ i ≤ k, and we
set σ0 (z1, . . . , zk) = 1.

Proof of Theorem 1.3. For a) we firstly observe that−1 is a root of f̃L,L(z) =
|L|(z+ 1)n, L ∈ Sn0 , and thus, by Lemma 4.1 i), every −c ∈ R<0, c > 0, will

be a root of f̃cL,L(z). Hence, R̃(n) contains the negative real axis R<0.

By Lemma 4.1 i) we also know that λ γ ∈ R̃(n) for all γ ∈ R̃(n) and λ > 0.

It remains to show that R̃(n) is convex. To this end, let γi = αi+βii ∈ R̃(n),
i = 1, 2, and let ρ ∈ (0, 1).

If both roots are real, then γ1, γ2 ∈ R<0 and we are done since R̃(n)
contains R<0. So we may assume that β2 ≥ β1 ≥ 0, β2 > 0, and first we

argue that there exist Ki, L ∈ Sn0 , i = 1, 2, such that γi is a root of f̃Ki,L(z),
i = 1, 2.

If β1 = 0 then α1 < 0 and we can set K1 = |α1|L to get f̃K1,L(γ1) = 0.
So we suppose β1 > 0.

First we assume (β1/β2)α2 − α1 ≥ 0. Let K2, L ∈ Sn0 be star bodies

such that f̃K2,L(γ2) = 0. With λ = β1/β2 and Lemma 4.1 i), we find that

λγ2 = λα2 + β1i is a root of f̃λK2,L(z) (see Figure 1).
By assumption, µ = λα2 − α1 ≥ 0, and Lemma 4.1 ii) ensures that

γ1 = λγ2 − µ is a root of f̃λK2+̃µL,L(z). Thus, with K1 = λK2+̃µL we get
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γ1

a1

b1

γ2

a2

b2

λγ2
�

U

Figure 1. Constructing K1 ∈ Sn0 such that f̃K1,L(γ1) = 0.

f̃K1,L(γ1) = 0. If (β1/β2)α2 − α1 < 0 then (β2/β1)α1 − α2 > 0 and we
interchange the roles of K1 and K2.

Finally, in order to prove the convexity of the cone, we just have to

construct a star body M ∈ Sn0 such that ρ γ1 +(1−ρ)γ2 is a root of f̃M,L(z).
Without loss of generality let α1/β1 = max{αi/βi : βi > 0, i = 1, 2} and let
µ = β1/

(
ρ β1 + (1− ρ)β2

)
. Then

ν = µ
(
ρα1 + (1− ρ)α2

)
= β1

ρα1 + (1− ρ)α2

ρ β1 + (1− ρ)β2
≤ α1,

and Lemma 4.1 ii) ensures that ν+β1i is a root of f̃K1+(α1−ν)L,L(z). Finally,
Lemma 4.1 i) shows that ρ γ1 + (1 − ρ)γ2 is a root of the dual Steiner

polynomial f̃M,L(z) for M = (1/µ)
(
K1+̃(α1 − ν)L

)
.

Next in order to prove b), i.e., to prove that R̃(n) is half-open, we are

going to show that C = C+\R̃(n) is closed. Let (zi)i∈N ⊂ C be a convergent

sequence with z = limi→∞ zi and we have to prove that z /∈ R̃(n).
For the sake of brevity we denote, for n ≥ 3, by Γ any (n − 2)-tuple of

complex numbers of the form

Γ =

{ (
γ2, γ2, . . . , γn/2, γn/2

)ᵀ ∈ Cn−2, if n is even,(
γ2, γ2, . . . , γ(n−1)/2, γ(n−1)/2, c

)ᵀ ∈ Cn−3 × R<0, if n is odd.

Let σ : Cn −→ Cn × {1} be the continuous map given by

σ =

(
(−1)nσn, (−1)n−1σn−1

n
, . . . , (−1)i

σi(
n
i

) , . . . ,−σ1

n
, 1

)ᵀ
.

For an arbitrary but fixed (n−2)-tuple Γ, let σ(zi, zi,Γ) = (ωi0, . . . , ω
i
n−1, 1)ᵀ

for all i ∈ N. Since zi is not a root of any dual Steiner polynomial, ωij ,

j = 0, . . . , n, with ωin = 1, cannot be dual quermassintegrals of any pair of
star bodies. Hence, Theorem 1.1 implies that (ωi0, . . . , ω

i
n−1, 1)ᵀ 6∈ intCna,b

for any 0 < a < b, and that there exists no λ > 0 such that ωij = λjωi0.



A CHARACTERIZATION OF DUAL QUERMASSINTEGRALS 19

On the other hand, since σ is continuous, (ωi0, . . . , ω
i
n−1, 1

)ᵀ
i∈N is a con-

vergent sequence and

σ(z, z,Γ) = lim
i→∞

(ωi0, . . . , ω
i
n−1, 1)ᵀ =: (ω0, . . . , ωn−1, 1)ᵀ 6∈ intCna,b

for any 0 < a < b. Moreover, if there exists λ > 0 such that ωj = λjω0,

j = 0, . . . , n, then ωj = W̃j(λK,K) for some K ∈ Sn0 , and so z would be a

root of the dual Steiner polynomial f̃λK,K(z). Hence, z ∈ R<0, which leads

to the contradiction zi ∈ R̃(n) for large i.

Since this holds for any (n− 2)-tuple Γ, we can conclude that z 6∈ R̃(n).

Finally, we show c), i.e., R̃(n) ⊆ R̃(n + 1). To this end, let γ ∈ R̃(n).

Then there exists a dual Steiner polynomial f̃K,L(z) for K,L ∈ Sn0 , such

that f̃K,L(γ) = 0. By Proposition 4.1 ii), we know there are star bodies

K ′′, L′′ ∈ Sn+1
0 satisfying

df̃K′′,L′′

dz
(z) = f̃K,L(z).

Denoting by γ1, . . . , γn+1 the roots of f̃K′′,L′′(z), Lucas’ theorem (see e.g. [23,
Theorem (6,1)]) on the location of the roots of the derivative of a polynomial
implies that

γ ∈ conv{γ1, . . . , γn+1}.
Since R̃(n+ 1) is convex, we get γ ∈ R̃(n+ 1). �

In general, it seems to be hard to describe explicitly the cones R̃(n). In
dimension 2 we have the following representation.

Proposition 4.2. R̃(2) = {z ∈ C+ : Re(z) < 0}.

Proof. Obviously, since f̃K,L(z) = W̃0(K,L) + 2W̃1(K,L)z + W̃2(K,L)z2,
K,L ∈ S2

0 , has only positive coefficients, the roots have negative real parts.
Moreover, according to the Aleksandrov-Fenchel inequality (2.1), the dis-

criminant W̃1(K,L)2− W̃0(K,L)W̃2(K,L) vanishes, i.e., the roots are real,
if and only if K and L are dilates.

Now let γ = α+ β i ∈
{
z ∈ C+ : Re(z) < 0

}
. If β = 0, then γ is a root of

f̃|α|K,K(z) for K ∈ S2
0 . So let β > 0 and we set

ω0 = α2 + β2, ω1 = −α and ω2 = 1.

Then γ is a root of ω2 z
2 + 2ω1 z+ω0, and this polynomial is a dual Steiner

polynomial of two planar star bodies if there exist 0 < a < b with (cf. The-
orem 1.1)

(ω0, ω1, ω2)ᵀ ∈ intC3
a,b = int pos

{
(1, t, t2)ᵀ : t ∈ [a, b]

}
.

Hence, γ is root of a dual Steiner-polynomial if(
ω1

ω0
,
ω2

ω0

)ᵀ
∈ int conv

{
(t, t2)ᵀ : t > 0

}
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(cf. Remark 2.2), which is equivalent to ω2/ω0 > (ω1/ω0)2 or ω2
1 < ω2 ω0.

Since β > 0 this is true, and so γ is a root of a dual Steiner polynomial. �

The different behavior of the roots of dual Steiner polynomials compared
to the ones of (classical) Steiner polynomials shows up also in the stability
of the polynomials. We recall that a real polynomial whose zeros all have
negative real parts is called stable or Hurwitz. In [14, Proposition 1.3] it was
shown that the Steiner polynomial is stable if and only if n ≤ 9.

Proposition 4.3. A dual Steiner polynomial is stable if and only if n = 2.

Proof. Proposition 4.2 shows that dual Steiner polynomials are stable for
n = 2. In order to show that for n ≥ 3 there exist dual Steiner polynomials
having roots with positive real parts, it suffices to consider n = 3 (cf. The-
orem 1.3 c)). Let α(t) = (t, t2, t3)ᵀ ⊂ R3 be the moment curve. Since any
four points on this moment curve are affinely independent, we have

1

4

(
α(1) + α(2) + α(3) + α(4)

)
+ ∈ int conv

{
(t, t2, t3)ᵀ : t ∈ [1, 4]

}
.

The coordinates of the point on the left hand side are (5/2, 15/2, 25)ᵀ and
with Theorem 1.1 we see that the polynomial

f(z) = 1 +
5

2
z +

15

2
z2 + 25 z3

is a dual Steiner polynomial. Numerical computations show that the com-
plex roots have positive real parts. �

As shown in [14, Proposition 2.3], a Steiner polynomial of degree n can
have n distinct real roots. In the dual setting this cannot occur.

Proposition 4.4. Let K,L ∈ Sn0 . All roots of f̃K,L(z) are real if and only
if K = λL for some λ > 0, i.e., all roots are equal.

Proof. Let γ1, . . . , γn ∈ R<0 be the roots of f̃K,L(z) = 0. Then the ele-
mentary symmetric means of the roots satisfy the Newton inequalities (see,
e.g., [11]), i.e.,(

σj (γ1, . . . , γn)(
n
j

) )2

≥ σj−1 (γ1, . . . , γn)(
n
j−1

) σj+1 (γ1, . . . , γn)(
n
j+1

) .

Since

σj (γ1, . . . , γn) = (−1)j
(
n

j

)
W̃n−j(K,L)

W̃n(K,L)
,

the above inequality translates into

W̃n−j(K,L)2 ≥ W̃n−j+1(K,L)W̃n−j−1(K,L).

In view of the dual Aleksandrov-Fenchel inequalities (2.1) we must have the

equality W̃n−j(K,L)2 = W̃n−j+1(K,L)W̃n−j−1(K,L), and thus K = λL for
some λ > 0. �
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